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Abstract 
 
Bipolar magnets are common in most magnetic circuits, but circuit efficiency can be enhanced if multipolar magnets 

are used instead. However, the use of multipolar magnets is rare. In this investigation, the possibility of using multipo-
lar magnets for maximizing the Lorentz force in a microspeaker is considered. The design problem of a multipolar 
magnetic circuit is formulated as a topology optimization problem. The circuit design region is discretized by finite 
elements, and a material state among a multipolar magnet, a yoke and air for every element is so determined as to 
maximize a desired Lorentz force component. Numerical results show that multipolar magnetic circuits obtained by the 
topology optimization outperform a conventional bipolar circuit. 
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1. Introduction 

This investigation is motivated by the need to im-
prove the efficiency of magnetic circuits in some 
actuating devices such as microspeakers [1, 2] and 
optical pickup actuators [2, 3]. In such devices, the 
magnetic field generated by permanent magnets and 
yokes is supplied to current-carrying coil for Lorentz 
force generation. Bipolar magnets are a typical mag-
netic field source but it would be possible to develop 
stronger magnetic field and generate larger Lorentz 
forces if “multipolar” magnets were used.  

When the use of multipolar magnets is considered, 
it is more difficult to optimally distribute magnet 
polarities producing larger Lorentz forces under a 
given magnet-yoke mass constraint and a specified 
coil current. Because magnetic circuits can consist of 
multipolar magnets, yokes and an air region, standard 

size/shape optimization techniques cannot be used 
directly. Therefore, we propose to formulate the de-
sign problem as a topology optimization problem. It 
is a well-known advantage of the topology optimiza-
tion method that it does not require any baseline de-
sign (see, e.g., [5, 6] for an overview of the method 
and structural applications).  

Some papers [7-13] studied the topology optimiza-
tion of some magnetic systems, but no investigation 
has been reported on multipolar magnet circuit design. 
Because a magnetic circuit can consist of multipolar 
magnets, ferromagnetic yokes and air, not only per-
meability ( µ ) but also magnetization ( M ) should be 
interpolated. The value of permeability dictates the 
presence of a magnet, a yoke or air at a specific loca-
tion. It also determines polarization of a magnet ele-
ment if a magnet turns out to be present. Therefore, 
design variables assigned to discretizing finite ele-
ments should be able to pick up one of three material 
states, i.e., a magnet, a yoke and air. To deal with 
multiple material states, the formulations developed 
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earlier for structural [14, 15] will be modified for the 
present magnetic circuit design problems. Wang et al. 
[16] formulated a multi-material for magnetic prob-
lems, but the technique used in [15] will be employed 
here. The analysis of a magnetic circuit needed for 
topology optimization is carried out by a finite ele-
ment method (see, e.g., [17, 18]). 

Because the multipolar magnet circuit design pro-
blem is formulated as an optimization problem, an 
iterative gradient-based algorithm such as the method 
of moving asymptotes [19] can be used to update 
design variables or material statues of all finite ele-
ments. Design sensitivity required for the algorithm 
was calculated efficiently by using the adjoint vari-
able method [20]. The optimized magnetic circuits 
obtained by the topology optimization formulation in 
this investigation were compared with a commer-
cially available circuit for performance check.  
 

2. Formulation for multipolar magnetic circuit 
design 

2.1 Problem definition 

Though the multipolar magnet circuit design for-
mulated in this work is not limited to the specific 
problems discussed below, it will be easier to present 
the design issue with the following Lorentz force 
maximization appearing in microspeaker design. 

Fig. 1(a) schematically shows a typical mi-
crospeaker used in mobile devices such as cellular 
phones. When alternating current flows into the coil, 
the Lorentz force developed in the coil actuates the 
diaphragm of a microspeaker. Due to axisymmetry, 
the predominant motion of the diaphragm along the z-
axis generates an acoustic field. A ring-type coil is 
attached to the diaphragm. Because we are concerned 
with magnetic circuit design, we pay attention to the 
magnetic circuit illustrated in Fig. 1(b); it consists of a 
ring-type bipolar magnet, coil and a yoke. The mag-
netization vector of the magnet shown in Fig. 1(b) is 

zM+ e where M is the magnitude of magnetization 
and ze  is the unit vector in the direction of z. A 
magnetic flux distribution by the magnetic circuit in 
Fig. 1(b) is shown in Fig. 1(c). ANSYS [21] was used 
to obtain the results shown in Fig. 1(c). The parameter 

cr  in Fig. 1(b) denotes the location of the center of 
the ring coil to r direction.  

When the generated magnetic flux density by a 
magnet is denoted by B, the Lorentz force F devel-
oped in the coil can be written as 

 
(a) 

 

 
(b) 

 

 

(c) 
 
Fig. 1. (a) Schematic illustration of a nominal microspeaker, 
(b) two-dimensional axisymmetric model, and (c) magnetic 
flux distribution. 
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 =
C V

I dV× ×∫ ∫F = dl B J B   (1) 

 
where I and dl  denote the current flowing into the 
coil and an infinitesimal line element of the coil. The 
symbol J expresses volume current density, current 
flowing through a unit area normal to the current flow 
direction. As Eq. (1) shows, the magnitude of the 
Lorentz force is proportional to the magnitude of the 
magnetic flux density. Thus, a magnetic circuit gen-
erating larger flux density produces a larger Lorentz 
force and a higher sound pressure level. To find an 
optimal magnetic circuit, the region currently occu-
pied by the ring-type bipolar magnet and the yokes is 
chosen to be the magnetic circuit design domain. An 
optimal multipolar magnetic circuit configuration 
maximizing the Lorentz force zf  in the axial direc-
tion z will be configured by a topology optimization, 
which is given in the next section. 

 
2.2 Design setup as a topology optimization problem 

The design objective is to find an optimal magnetic 
circuit maximizing the Lorentz force in a specific 
direction while the possibility of multipolarities of a 
magnet is taken into account. Because the polariza-
tion direction of the ring-type magnet in a mi-
crospeaker is the z direction as shown in Fig. 1(b), 
only the polarizations along z±  will be considered 
in this investigation. Though the topology optimiza-
tion formulation set up here can be used for more 
general magnetic circuit design problems, the formu-
lation will be specifically suited for the design of a 
multipolar magnetic circuit of a microspeaker. 

To find a multipolar magnetic circuit maximizing 
the Lorentz force zf  in the z direction, the region 
occupied by a magnet and yokes in Fig. 1(b) is se-
lected as the design domain for topology optimiza-
tion; see Fig. 2. Because of the axisymmetric charac-
teristics of the design problem, the region is discre-
tized by axisymmetric finite elements. Each finite 
element in Fig. 3 denotes an axisymmetric finite ele-
ment.  

For the eth finite element, mN  design variables 
1 2( , , , )

m

e e e
Nγ γ γ⋅ ⋅ ⋅  are defined. For the microspeaker 

design problem depicted in Fig. 3, mN =2 if only 
bipolar magnets are considered: a magnet state with 

zM+ e , a yoke state, and an air state. (Note that an 
element is filled with air if no magnet or yoke appears 
in it.) However, if multipolar magnets are considered, 
there are four possible states such as two magnet  

  
Fig. 2. Design domain for the optimization of a multipolar 
magnetic circuit of a microspeaker. 
  

 
(a) 

 
(b) 

 
(c) 

 
Fig. 3. Optimized result for CASE A (bipolar magnetic cir-
cuit optimization). (a) Optimization history, (b) intermediate 
and final circuit configurations at some optimization iteration 
steps, (c) magnetic flux distribution. 
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states with zM± e , a yoke state and an air state. In 
this case, therefore, mN =3. 

To solve the multipolar design problem in the to-
pology optimization setting, the side constraints must 
be assigned to the design variables: 

  
4

min10 1e
iγ γ− = ≤ ≤  for 1,2, , mi N= ⋅ ⋅ ⋅ ,  

1,2, ,e N= ⋅ ⋅ ⋅   (2) 
 

where min
e
iγ γ= and 1e

iγ = stand for the absence and 
the presence of the ith material state, respectively. The 
total number of discretizing finite elements is denoted 
by N . To ensure that either min

e
iγ γ=  or 1e

iγ =  is 
reached without ambiguous intermediate values in the 
final optimization iteration step, a penalization 
scheme must be introduced to interpolate two mate-
rial parameters µ  and M. Therefore, the penaliza-
tion scheme developed in [14, 15] may be converted 
to 

 

1 10 0

( )

1 1 1 1( ) 1 ( )
( )

mm

e e
i

NN
e p e q
i j ie e

i j i

φ

γ γ
µ µ µ µ≠

= =

⎡ ⎤⎛ ⎞
⎡ ⎤= + − −⎜ ⎟⎢ ⎥⎣ ⎦

⎝ ⎠⎣ ⎦
∑ ∏

γ

γ
  

( 1,2, ,e N= ⋅ ⋅ ⋅ )  (3) 

1 1

( )

( ) ( ) 1 ( )
mm

e e
i

NN
e e e p e q

i j i i
i j

M M

φ

γ γ ≠
= =

⎡ ⎤
⎡ ⎤= −⎢ ⎥⎣ ⎦

⎣ ⎦
∑ ∏

γ

γ   

( 1,2, ,e N= ⋅ ⋅ ⋅ )  (4) 
 

where Π  denotes a multiplication operator. In Eqs. 
(3) and (4), 0µ  is free-space permeability. The per-
meability and magnetization of the ith material state 
are denoted by iµ  and iM , respectively. The sym-
bol e

iφ  implies the participation factor of the ith ma-
terial in the permeability eµ  and eM  of the eth 
element. The superscripts p and q are penalty expo-
nents.  
 

Note that for mN =3, we have the following rela-
tions:  

Material 1 (ferromagnetic yoke): 1 Fµ µ=  and 
1 0M =   

Material 2 (permanent magnet with p zM=M e ): 
2 Mµ µ=  and 2 PM M= +   

Material 3 (permanent magnet with p zM= −M e ): 
3 Mµ µ=  and 3 PM M= −   

 
where Fµ  and Mµ  denote the permeability of a 

yoke and permanent magnet material and PM , the 
amount of magnetization of a permanent magnet. In 
this case, the combinations of design variables having 
upper or lower limits represent either one of the mate-
rials:  

 
( 1 1eγ = , 2 0eγ = , 3 0eγ = ) → Material 1 
( 1 0eγ = , 2 1eγ = , 3 0eγ = )→ Material 2 
( 1 0eγ = , 2 0eγ = , 3 1eγ = )→ Material 3 
( 1 0eγ = , 2 0eγ = , 3 0eγ = )→ Air 
 
To find an optimal multipolar magnetic circuit by 

topology optimization, the following problem will be 
solved:  

 

[ ][ ]Coil
1 11

Maximize  | = [ ( )] ( )
c

c c

N
j j

z r r
N Nj

f J Bθ θ
× ×=

× =∑γ
γ J B γ  (5a) 

with 

1

N
e

i i e i
e

m V mγ
=

= ≤∑  ( 1, , mi N= )  (5b) 

1

mN

total i total
e

m m m
=

= ≤∑   (5c) 

1 2{ , , }
m

e e e e T
Nγ γ γ= ⋅ ⋅⋅γ   (5d) 

1 2{ , , }N T= ⋅ ⋅⋅γ γ γ γ   (5e) 
 
In Eq. (5a), Coil|zf  is the total Lorentz force gener-

ated by the coil (see Fig. 3). The symbol j in Eq. (3) 
denotes the jth segment of the coil discretized along 
the z-axis at cr  and cN , the number of segments for 
force calculation. For the problem in consideration, 
force calculation points are chosen at 4.05 mmcr =  
along the z-axis ( 5.6 mm 6.4 mmz≤ ≤ ). The value 
of cN =10 is used. The coil shape and location are 
assumed to remain unchanged during optimization. 
Referring to Eq. (1), two Lorentz force components, 

rf  and zf , can be developed because the current 
density has only the component in the θ  direction, 
but only the zf  component is maximized because it 
is the driving force of the diaphragm. Eqs. (5b) and 
(5c) correspond to mass constraints. Eq. (5b) states 
that the mass of the ith material im  cannot exceed the 
upper bound value im . At the same time, the total 
mass totalm  cannot exceed the prescribed total mass 

totalm  by Eq. (5c). 
To solve Eq. (5), the radial component rB  must 

be calculated for any magnetic circuit configuration 
appearing during topology optimization. To this end, 
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one may use the following weak form to solve a lin-
ear axisymmetric electromagnetic problem [18]: 

 
2 2

1 1 1min ( ) 2
2

                    2

P P P
P

S
r z

Pr z
S

A A AA rdrdz
z r r

M M A rdrdz
z r

θ θ θ
θ

θ

χ π
µ µ

π

⎧ ⎫⎛ ⎞ ⎛ ⎞∂ ∂⎪ ⎪= + +⎨ ⎬⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
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∫

∫
 

  (6) 
with 

P

r
AB
z
θ∂= −

∂
, ( )1 P

zB rA
r r θ
∂=
∂

  (7) 

 
In Eqs. (6) and (7), PAθ  is the θ component of a 

vector magnetic potential PA , rM and zM denote 
the r and z components of magnetization. Following a 
standard procedure for finite element discretization 
[17, 18], a matrix equation corresponding to Eqs. (6) 
and (7) can be obtained. The results can be written in 
symbolic form as:  

 
A A=K A F   (8) 

T

rB
z

∂= −
∂
N A   (9) 

 
where N is the interpolation function (bilinear inter-
polation functions were used in this work) and the 
symbol T stands for matrix transpose. AK  and 

AF denote the system stiffness matrix and the system 
load vector constructed from the assembly of ele-
ment-level stiffness matrices ek and load vectors 

ef as 
 

A
1

( )
N

e e

e=
=∑K k γ ; A

1
( )

N
e e

e=
=∑F f γ   (10a,b) 

 
where ∑  is an assembly operator for finite ele-
ments. A selection of one material state among mN  
materials is considered for every element, and the 
material parameter interpolation scheme of Eqs. (3) 
and (4) must be used for topology optimization. 
Therefore, one may replace Eqs. (3) and (4) with the 
following element-level matrix and load vector inter-
polation [15]: 
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In Eqs. (11) and (12), e

ik and e
if  are design-

variable independent quantities. When four-node 
bilinear finite elements are used, the components of 

e
ik  and e

if  are given as [18] 
 

1 12
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e b b a a a b
ab S
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 (13a) 

2   ( , 1,2,3,4)
e

e r z
a aS

M Mf N rdrdz a b
z r

π ∂ ∂⎛ ⎞= − =⎜ ⎟∂ ∂⎝ ⎠∫   

  (13b) 
 

where aN  denotes the interpolation function associ-
ated with element node a.  

So far, the procedure to compute ( )rB γ  and thus 
Coil| ( )zf γ in Eq. (5) has been explained. To solve Eq. 

(5) by an iterative numerical procedure, the method of 
moving asymptotes (MMA) [19], an efficient gradient 
optimizer, will be employed. To use MMA, the sensi-
tivity of Coil| ( )zf γ  with respect to eγ  must be cal-
culated. The explicit sensitivity can be obtained by a 
standard procedure, but it will be given for the sake of 
completeness:  

  

Coil Coil

A

| ( ) | ( )
T

z z

T

d f f
d

zθ

∂ ∂⎛ ⎞= ⎜ ⎟∂ ∂⎝ ⎠

⎛ ⎞∂ ∂ ∂⎛ ⎞= − − +⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠
-1 A
A
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γ A γ

N K FJ K A
γ γ

 (14) 

 
To avoid the explicit matrix inversion of -1

AK , it is 
convenient to introduce an adjoint variable λ  satis-
fying the following Eq. (see, e.g. [20]): 

 
T

zθ
∂⎛ ⎞= −⎜ ⎟∂⎝ ⎠

A
NK λ J   (15) 

 
Substituting Eq. (15) into Eq. (14) yields  
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In Eq. (17), A / e
kγ∂ ∂K  and A / e

kγ∂ ∂F  are ex-
pressed as  
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3. Numerical results and discussions 

Though multipolar magnetic circuit design is the 
main objective, it would be interesting to compare an 
optimized “bipolar” magnetic circuit and an opti-
mized “multipolar” magnetic circuit. For numerical 
analysis, the following data were used: 

 
7

0 4 10 H/mµ π −= × , 

01000  Yµ µ=  for yoke  

01.02Mµ µ= , 1.17 TrB = , 1190400 A/mpM =  for 

Nd-Fe-B type permanent magnet  
 
Case A: Bipolar magnetic circuit optimization 
First, we consider the design optimization of a bi-

polar magnetic circuit. This means that magnet mate-
rial having p zM+ e , yoke material or air can be as-
signed to each of the finite elements discretizing the 
design domain. Therefore, 2mN =  in this case. The 
values of p=3 and q=2 were selected for Eqs. (11) and 
(12). The mass constraints on the magnet and yoke 
are 70% and 30% of the total mass of the design do-
main.  

The variation of the objective function Coil|zf dur-
ing the topology optimization is plotted in Fig. 3(a). 
The initial values of design variables were 1

eγ =0.6  

 
 
Fig. 4. Comparison of the axial Lorentz forces by three mag-
netic circuits for varying coil center locations.  

 
 

and 2
eγ =0.6 ( 1, ,e N= ⋅ ⋅ ⋅ ). Fig. 3(b) shows magnetic 

circuit configurations appearing during optimization 
iterations. Fig. 3(c) shows the optimized magnetic 
circuit installed to a baseplate and the flux distribution 
analyzed by ANSYS for the optimized circuit. Unlike 
in the nominal circuit in Fig. 1(a), two sets of magnets 
appear in the magnetic circuit. Furthermore, no mate-
rial is present near r=0. The actual Lorentz forces by 
the optimized magnetic configuration in Fig. 4 are 
compared with those by the nominal, or conventional, 
magnetic configuration shown in Fig. 1. Note again 
that the magnetic force is calculated at 4.05 mmcr =  
along the z-axis ( 5.6 mm 6.4 mmz≤ ≤ ). For all coil 
locations, the optimized circuit outperforms the 
nominal circuit. 

 
Case B: Multipolar magnetic circuit optimization 
In this case, magnets having either p zM+ e  or 

p zM− e  can appear in addition to yokes or air. There-
fore, 3mN = . The mass constraint on the yoke is 
20 % of the total mass of the design domain and the 
constraints on the magnets having p zM+ e  and 

p zM− e  are 65% and 15%, respectively. The optimi-
zation history and the circuit configuration variation 
during iterations are shown in Fig. 5(a) and (b), re-
spectively. The initial values of design variables were 

1
eγ =0.25 and 2

eγ =0.25 ( 1, ,e N= ⋅ ⋅ ⋅ ). In comparison 
with the optimized bipolar magnetic circuit shown in 
Fig. 4, not only a magnet with p zM+ e  but also a 
magnet with p zM− e  appeared in the circuit. In addi-
tion, the yoke location of Case B is quite different 
from that of Case A: compare Fig. 3(c) and Fig. 5(c). 
The flux line passing through the coil is also plotted 
in Fig. 5(c).  
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(a) 

 
(b) 

 
(c) 

 
Fig. 5. Optimized result for CASE B (multipolar magnetic 
circuit optimization). (a) Optimization history, (b) intermedi-
ate and final circuit configurations at some optimization 
iteration steps, (c) magnetic flux distribution. 

 
Finally, the Lorentz forces developed in the coil by 

the optimized multipolar magnetic circuit are plotted 
in Fig. 4. It shows that the optimized multipolar cir-
cuit performs best among three configurations con-
sidered. The reason for larger magnetic forces by the 
optimized multipolar magnet is that two oppositely 
magnetized magnets can generate larger magnetic 
flux compared to other configurations. One can com-
pare the flux lines in Fig. 1(c), Fig. 3(c) and Fig. 5(c). 
In addition, yokes located between the oppositely 
magnetized magnets help concentrate the magnetic 
flux further onto the coil.  

In comparison with the nominal magnetic circuit, 

the optimized circuits in Case A and Case B increased 
the axial Lorentz force considerably as confirmed by 
Fig. 4. No additional mass was used to solve Cases A 
and B. The design was performed for the same cur-
rent input and coil configuration. From the practical 
point of view, the complexity of the magnetic circuit 
configurations in Fig. 3(c) and Fig. 5(c) may increase 
fabrication cost. However, the superior performance 
of the proposed circuits could offset the cost increase.  
 

4. Conclusions 

Although multipolar magnetic circuits can improve 
circuit efficiency, they are rarely used in practice. In 
this work, the idea of using a multipolar magnetic 
circuit to maximize the Lorentz force was tested in a 
microspeaker. Because the circuit is allowed to con-
sist of magnets of different polarities, yokes and air, it 
is difficult to find an optimal circuit configuration by 
trial and error. To overcome this difficulty, the design 
problem was set up as a topology optimization of a 
magnetic system, and a formulation suitable to deal 
with multipolar magnets was presented. The opti-
mized multipolar magnetic circuit was shown to yield 
about 28% larger Lorentz forces than a conventional, 
un-optimized bipolar magnetic circuit. The design 
optimization method developed in this work can be a 
powerful tool in designing more general multipolar 
magnetic configurations.  
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